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@ Elementary Integrals

© Substitution

© Trigonometric integrals

@ Integration by parts

© Trigonometric substitutions
@ Partial Fractions

@ 100 Integrals to do
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Table of integrals

Recognise these from a table of derivatives.

The very basics

Q /ldx:x+c

(2] /)—:l(dx:log|x|+c

1
nd n+1
Q/X x——n 1x +c

1
Qo /eaxdx: ;eax—i—c
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Table of integrals

Recognise these from a table of derivatives.

The very basics

Q /ldx:x+c

Q /)—tdx: log |x| + ¢ — don't forget the |.|.

n _ 1 n+1 -
e/x dx—n+1x +c—if n#—1.

1
Qo /eaxdx: ;eax—i—c
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Table of integrals

Recognise these from a table of derivatives.

Trigonometry

(1) /sin(ax) dx = _71 cos(ax) + ¢
Q /cos(ax) dx = %sin(ax) e

o /secz(ax) dx = étan(ax) +c

(] /sec(ax) tan(ax) dx = é sec(ax) + ¢
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Table of integrals

Recognise these from a table of derivatives.

(1) /sin(ax) dx = _71 cos(ax) + ¢

Q /cos(ax) dx = %sin(ax) e
o /secz(ax) dx = étan(ax) +c

(] /sec(ax) tan(ax) dx = ésec(ax) +c

Inverse trig

e /\/ﬁdx:sin_l(x/a)—l—c
1 1
(2] /mdx—;tan (x/a) + c.
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Table of integrals

Recognise these from a table of derivatives.

(1) /sin(ax) dx = _71 cos(ax) + ¢

Q /cos(ax) dx = %sin(ax) e
o /secz(ax) dx = étan(ax) +c

(] /sec(ax) tan(ax) dx = ésec(ax) +c

Inverse trig

1 —|
(1) /\/ﬁdx:sm (x/a)+c — need a > 0.

1 1,
9/mdx:;tan (x/a) + c.
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Substitution rule

From the chain rule we get

f'(g(x))g'(x)dx = [ f'(u)du u=g(x)
/ /

Guide to Integration Winter 2006,/2007 4 /24



Substitution rule

From the chain rule we get

[ et tdx= [ £ u=g(x)
— F(u) + ¢ = flg(x) + <

Look for a function and its derivative in the integrand.
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Substitution example

in(31
Example / M dx

X
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Substitution example

in(31
Example / M dx

X

o Let u=logx so du= )—l(dx.

@ We then completely transform all x's into u's.
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Substitution example

in(31
Example / M dx

X

o Let u=logx so du= )—l(dx.

@ We then completely transform all x's into u's.

/de:/sin3udu
X

—1
=3 cos(3u) + ¢
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Substitution example

in(31
Example / M dx

X

o Let u=logx so du= )—l(dx.

@ We then completely transform all x's into u's.

/de:/sin3udu
X

—1
=3 cos(3u) + ¢

We have to turn all the u's back into x's

Guide to Integration Winter 2006,/2007



Substitution example

in(31
Example / M dx

X

o Let u=logx so du= )—l(dx.

@ We then completely transform all x's into u's.

/de:/sin3udu
X

—1
=3 cos(3u) + ¢

We have to turn all the u's back into x's

= _?1 cos(3log x) + ¢
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Substitution example

in(31
Example / M dx

X

o Let u=logx so du= )—l(dx.

@ We then completely transform all x's into u's.
in(31
/de:/gngudu
X
-1
=3 cos(3u) + ¢
We have to turn all the u's back into x's

= _?1 cos(3log x) + ¢

WARNING — you must turn all the x's into the new variable.
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Transform terminals

We make u = log x — so change the terminals too.
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Transform terminals

We make u = log x — so change the terminals too.

D . log 2
[ e gm [* sinsudu
0 |

X og 1
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Transform terminals

We make u = log x — so change the terminals too.

D . log 2
[ e gm [* sinsudu
0 |

X og 1

_ [;cos@u)] e

log 1=0
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Transform terminals

We make u = log x — so change the terminals too.

D . log 2
[ e gm [* sinsudu
0 |

X og 1

_ [;cos@u)]

log 2

log 1=0

—1 1
=3 cos(3log2) + 3 cos(0)

-1 1
=3 cos(3log2) + 3
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Keep terminals, remember to change everything back to x

2 =2
I
/ de:/ sin3udu
1 X =t
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Keep terminals, remember to change everything back to x

2 =2
I
/ de:/ sin3udu
1 X =t

x=2

= {%1 cos(3u)}

x=1
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Keep terminals, remember to change everything back to x

2 =2
I
/ de:/ sin3udu
1 X =t

x=2

= {%1 cos(3u)} .

= {%1 cos(3log x)}

1
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Keep terminals, remember to change everything back to x

2 =2
I
/ de:/ sin3udu
1 X =t

= {%1 cos(3u)} -

= {— cos(3 log x }

—1 1
=3 cos(3log2) + 3
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Substitution with definite integrals

You have 2 choices of what to do with the integration terminals.

Keep terminals, remember to change everything back to x

2 =2
I
/ de:/ sin3udu
1 X =t

= {%1 cos(3u)} -

= {— cos(3 log x }

—1 1
=3 cos(3log2) + 3

Of course the answers are the same.
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Trigonometric integrals

o Trig integrals are really just special cases of substitution.
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Trigonometric integrals

o Trig integrals are really just special cases of substitution.

@ Usually we need trig identities like
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Trigonometric integrals

o Trig integrals are really just special cases of substitution.

@ Usually we need trig identities like
Useful trig identities

cos’ x +sin’x=1

1 + tan® x = sec® x

1
cos? x = 5(1 + cos 2x)

sin?

1
%= 5(1 — cos 2x)
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Trigonometric integrals

Example /sin"”xcosbxdx
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Trigonometric integrals

Example /sin"”xcosbxdx

o If a and b are both even then use

1
cos? x = = (1 + cos2x)

2

1
sin“x = 5(1 — cos 2x)
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Trigonometric integrals

Example /sin"”xcosbxdx

o If a and b are both even then use

1
cos? x = = (1 + cos2x)

2

1
sin“x = 5(1 — cos 2x)

@ If aor bis odd then use

cos’x =1 —sin’ x

2x=1-cos®x

sin
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Trigonometric integrals

Example / sec x dx
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..

sec x + tan x
secxdx = [ secx| ————— | dx
sec x + tanx
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..
sec x + tan x
secxdx = [ secx [ ———— | dx
sec x + tanx
Now set u = sec x + tan x:

o sec x tan x 4 sec? x = sec x (tan x + sec x)
X
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..
sec x + tan x
secxdx = [ secx [ ———— | dx
sec x + tanx
Now set u = sec x + tan x:

o sec x tan x 4 sec? x = sec x (tan x + sec x)
X

Hence we have

sec x + tan x 1 du
secx | ——— | dx= [ —- —dx
sec x + tan x u dx
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..
sec x + tan x
secxdx = [ secx [ ———— | dx
sec x + tanx
Now set u = sec x + tan x:

o sec x tan x 4 sec? x = sec x (tan x + sec x)
X

Hence we have
sec x + tan x 1 du
secx | ——— | dx= [ —- —dx
sec x + tan x u dx

1
:/—du:log|u|+c
u
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Trigonometric integrals

Example / sec x dx

Now this is not at all obvious, but you should see it. ..
sec x + tan x
secxdx = [ secx [ ———— | dx
sec x + tanx
Now set u = sec x + tan x:

o sec x tan x 4 sec? x = sec x (tan x + sec x)
X

Hence we have
sec x + tan x 1 du
secx | ——— | dx= [ —- —dx
sec x + tan x u dx
1
:/—du:log|u|+c
u

= log|secx +tanx| + ¢
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Integration by parts

From the product rule we get

[ 16080 dx = ) — [ g()F () e

@ Frequently used when you have the product of 2 different types of functions.
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Integration by parts

From the product rule we get

[ 16080 dx = ) — [ g()F () e

@ Frequently used when you have the product of 2 different types of functions.
@ You have to choose f(x) and g’(x) — there are 2 options.

@ Usually one will work and the other will not.
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Integration by parts

Example / xe™ dx
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Integration by parts

Example / xe™ dx

@ Choose f = x and g’ = €~
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Integration by parts

Example / xe™ dx

@ Choose f =xand g/ =e* —so f' =1 and g = e~
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Integration by parts

Example / xe™ dx

@ Choose f =xand g/ =e* —so f' =1 and g = e~

[ 1008 () dx = £(x1g) ~ [ f ) o
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Integration by parts

Example / xe™ dx

@ Choose f =xand g/ =e* —so f' =1 and g = e~
[ 1008 () dx = £(x1g) ~ [ f ) o

/xexdxzxex—/ex~1dx

=xe* —e“+c
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Integration by parts

Example / xe* dx

@ What if we choose f and g’ the other way around?
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Integration by parts

Example / xe* dx

@ What if we choose f and g’ the other way around?
f=eand g’ =x —sof =e and g =x?/2
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Integration by parts

Example / xe* dx

@ What if we choose f and g’ the other way around?
f=eand g’ =x —sof =e and g =x?/2

2 2
/xexdx: %ex—/%exdx
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Integration by parts

Example / xe* dx

@ What if we choose f and g’ the other way around?
f=eand g’ =x —sof =e and g =x?/2

2 2
/xexdx: %ex—/%exdx

@ This is not getting easier, so stop!
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Integration by parts

Sometimes one of the parts is “1".

Example / log x dx
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Integration by parts

Sometimes one of the parts is “1".

Example / log x dx

@ Choose f =logx and g’ =1
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Integration by parts

Sometimes one of the parts is “1".

Example / log x dx

@ Choose f =logx and g =1—so f'=1/x and g = x:
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Integration by parts

Sometimes one of the parts is “1".

Example / log x dx

@ Choose f =logx and g =1—so f'=1/x and g = x:

/ F(x)g’ (x) dx = F(x)g(x) — / £(x)F'(x) dx
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Integration by parts

Sometimes one of the parts is “1".

Example / log x dx

@ Choose f =logx and g =1—so f'=1/x and g = x:
[ 7008 () dx = F(x1g() ~ [ f ) e

/Iogxdx:xlogx—/x/xdx

=xlogx —x+c

Guide to Integration Winter 2006 /2007 12 / 24



Trigonometric substitutions

Based on

sin0 =1 — cos? 6

tan’0 + 1 = sec? 6
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Trigonometric substitutions

Based on

sin0 =1 — cos? 6

tan’0 + 1 = sec? 6

| A

Things to associate

If the integrand contains

Va2 —x2— sin?0 =1 — cos? 0

a2+ x2 — 1+ tan? 0 = sec’ 0

A\
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
@ Hence ‘j—g = +/5cos® and

o\=3/2 4 _ V5 cosb
/(5 x7) dx-/53/2( dé

1— sin20)3/2
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
@ Hence ‘j—g = +/5cos® and

o\=3/2 4 _ V5 cosb
/(5 x7) dx-/53/2( dé

1— sin20)3/2

cos 6
= | ———~df
/5(cos20)3/2
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
@ Hence ¢ d9 = +/5cos® and

/( x2)73/24 / \/ECC.JSE 40
53/2(1 — sin” 6)3/2
cos 6
= | ———=-df
/5(cos2 6)3/2

1 1
—/mde 5/sec 0do
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
@ Hence ¢ d9 = +/5cos® and

/( x2)73/24 / \/ECC.JSE 40
53/2(1 — sin” )3/2
cos 6
Y L L
/5(cos20)3/2
1 1
—/mde 5/sec 0do

1
= —tand
5 tan +c
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Trigonometric substitutions

Compute /(5 — x?)7¥2dx

o Contains v/a2 — x2 so put x = v/5sin#.
@ Hence ¢ d9 = +/5cos® and

/( x2)73/24 / \/ECC.JSE 40
53/2(1 — sin §)3/2
cos 6
S LA
/5(cos20)3/2
1 1
—/mde 5/sec 0do

1
= _tanf
5 ant + ¢

@ We aren’t done yet — we have to change back to the x variable.
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Trigonometric substitutions

Compute /(5 — x?)732dx

o We substituted x = v/5sinf and got %tan 0+ c
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Trigonometric substitutions

Compute /(5 — x?)732dx

o We substituted x = v/5sinf and got %tan 0+ c
@ We can express tan @ in terms of sin 6

sin6 sind
tanf = =
cos 0 1—sin%0
x/\/g X X

VI35 B/1-x5 b
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Trigonometric substitutions

Compute /(5 — x?)732dx

o We substituted x = v/5sinf and got %tan 0+ c
@ We can express tan @ in terms of sin 6

sin6 sind
tanf = =
cos 0 1—sin%0
x/\/g X X

VI35 B/1-x5 b

@ Hence the integral is

5 — x? _3/2dx:;+c
/( ) 5v/5 — x2
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Trigonometric substitutions
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Trigonometric substitutions

C t / L d
ompute — aX
P V4 + x?

o Contains a? + x2, so sub x = 2tan 6.

Guide to Integration Winter 2006,/2007 16 / 24



Trigonometric substitutions

C t / L d
ompute — aX
P V4 + x?

o Contains a? + x2, so sub x = 2tan 6.
@ Hence j—g = 2sec?d and

2sec?

1
———dx = | ——=df
/\/4—i-x2 V4 + 4tan?0
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Trigonometric substitutions

C t / L d
ompute — aX
P V4 + x?

o Contains a? + x2, so sub x = 2tan 6.

@ Hence j—g = 2sec?d and

1
——dx
/\/4—i-x2

2sec?

_ / 2sec?d 40 — q
2v/1 4 tan26 Vsec? 0

——df
V4 4+ 4tan?6

sec2 6

0

Guide to Integration
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Trigonometric substitutions

C t / L d
ompute — aX
P V4 + x?

o Contains a? + x2, so sub x = 2tan 6.
@ Hence j—g = 2sec?d and

/ 1 e 2sec? 6 "
N ewohl) v vty
:/ 2sec?f i sec? 46
2v/1 4 tan24 Vsec2 §

= /sec@d@

Guide to Integration Winter 2006,/2007
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Trigonometric substitutions

C t / L d
ompute — aX
P V4 + x?

o Contains a? + x2, so sub x = 2tan 6.

@ Hence j—g = 2sec?d and

/ 1 e 2sec? 6 "
N ewohl) v vty
:/ 2sec?f i sec? 46
2v/1 4 tan24 Vsec2 §

= /sec@d@

@ We have assumed sec > 0. We did similarly in the previous example.
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Trigonometric substitutions

C t / L d
ompute — axX
P V4 + x?

@ We substituted x = 2tan 6 and got

1
/\/ﬁdX:/Secede
X
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Trigonometric substitutions

C t / L d
ompute — axX
i V4 + x?

@ We substituted x = 2tan 6 and got

1
/\/ﬁdX:/Secede
X

= log |secf +tanf| + ¢ previous work
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Trigonometric substitutions

C t / L d
ompute — axX
i V4 + x?

@ We substituted x = 2tan 6 and got

1
/\/ﬁdX:/Secede
X

= log |secf +tanf| + ¢ previous work

@ So now we need to rewrite in terms of x.
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Trigonometric substitutions

C t / L d
ompute — axX
i V4 + x?

@ We substituted x = 2tan 6 and got

1
/\/ﬁdX:/Secede
X

= log |secf +tanf| + ¢ previous work

@ So now we need to rewrite in terms of x.

@ The tanf = x/2 is easy. But sec is harder:

sec?f =1+ tan’0

sec = /1+tan?0 = +/1+ x2/4
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Trigonometric substitutions

C t / L d
ompute — axX
i V4 + x?

@ We substituted x = 2tan 6 and got

1
/\/ﬁdX:/Secede
X

= log |secf +tanf| + ¢ previous work

@ So now we need to rewrite in terms of x.

@ The tanf = x/2 is easy. But sec is harder:

sec?f =1+ tan’0

sec = /1+tan?0 = +/1+ x2/4
1
@ Hence: ——dx =log|v/1+ x2/4 + x/2| + c.
/\/4—|—x2 gl / /2]
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Trigonometric substitutions

@ Sometimes you need to complete the square in order to get started.
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Partial fractions

Based on partial fraction decomposition of rational functions

@ There are some very general rules for this technique.

@ It is one of the few very formulaic techniques of integration.
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Partial fractions

Based on partial fraction decomposition of rational functions

@ There are some very general rules for this technique.

@ It is one of the few very formulaic techniques of integration.

@ Any polynomial with real coefficients can be factored into linear and
quadratic factors with real coefficients

QUx) = K(x — a1)™ (x — 32)™ - (x — )™
X (X2 + bix + Cl)nl(X2 + box + C2)n2 s (X2 + bix + C/)nl
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Partial fractions

@ Suppose f(x) = P(x)/Q(x) with deg(P) < deg(Q). You might have to do
division to arrive at this.
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Partial fractions

@ Suppose f(x) = P(x)/Q(x) with deg(P) < deg(Q). You might have to do
division to arrive at this.

@ Factorise Q(x) as on the previous slide.
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Partial fractions

@ Suppose f(x) = P(x)/Q(x) with deg(P) < deg(Q). You might have to do
division to arrive at this.

@ Factorise Q(x) as on the previous slide.

@ Rewrite f(x) as

A A Aim
R e e A e
+ similar terms for each linear factor
Bux + Cu Biax + Cio  Binx+ Gy
(x2+ bix+ )t (xX2+ bix+c)? (x2 4+ bix 4+ )™
+ similar terms for each quadratic factor
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Partial fractions

@ Suppose f(x) = P(x)/Q(x) with deg(P) < deg(Q). You might have to do
division to arrive at this.

@ Factorise Q(x) as on the previous slide.

@ Rewrite f(x) as

A A Aim
R e e A e
+ similar terms for each linear factor
Bux + Cu Biax + Cio  Binx+ Gy
(x2+ bix+ )t (xX2+ bix+c)? (x2 4+ bix 4+ )™
+ similar terms for each quadratic factor

@ Once in this form, we can integrate term-by-term.
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Partial fractions

o Write in partial fraction form

1 A B

m:;+x—l Now find A and B.
Ax—1 B
_ A1) B Compare numerators
x(x —1)
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Partial fractions

o Write in partial fraction form

1 A
x(x —1)

B

x—1

X

x(x —1)

A(x — 1) + Bx

Now find A and B.

Compare numerators

o Compare coefficients of x in the numerators to get equations for A and B.

x(A+ B) +

(-A)=0x+1

Guide to Integration
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Partial fractions

o Write in partial fraction form

1 A B

m:;+x—l Now find A and B.
Ax—1 B
_ A1) B Compare numerators
x(x —1)

o Compare coefficients of x in the numerators to get equations for A and B.
x(A+B)+ (-A)=0x+1
@ Hence we have 2 equations

A+B =0
—A 1

}=>A:—1,B:1
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Partial fractions
/' d
x(x —1)

@ Hence in partial fraction form we have

1 —1 1
x(x—1)  x t 1 always check this!
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Partial fractions
/' d
x(x —1)

@ Hence in partial fraction form we have

1 —1 1
x(x—1)  x to1 always check this!

@ Now integrate term-by-term

1 1 1
/de——/;dX+/X_ldX

= —log |x| + log|x — 1| + ¢

= log

X—l‘
— [+
X

Guide to Integration

Winter 2006,/2007



Partial fractions
/' d
x(x —1)

@ Hence in partial fraction form we have

1 —1 1
x(x—1)  x to1 always check this!

@ Now integrate term-by-term

1 1 1
/de——/;dX+/X_ldX

= —log |x| + log|x — 1| + ¢

= log

X—l‘
— [+
X
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Partial fractions

@ Start by writing in partial fraction form:
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Partial fractions

@ Start by writing in partial fraction form:

x(x—1)2  x  x—-1 (x—1)2
_ A(x—1)? + Bx(x — 1) + Cx

x(x —1)?
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Partial fractions

@ Start by writing in partial fraction form:

x(x—1)2  x  x—-1 (x—1)2
_ A(x—1)? + Bx(x — 1) + Cx

x(x —1)?

o Comparing numerators gives

A+B+0C=0 —2A-B+C=0 A+0B+0C=1
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Partial fractions

@ Start by writing in partial fraction form:

x(x—1)2  x  x—-1 (x—1)2
_ A(x—1)? + Bx(x — 1) + Cx

x(x —1)?

o Comparing numerators gives

A+B+0C=0 —2A-B+C=0 A+0B+0C=1

@ Solve these equationsto get A=1,B=-1,C=1.
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Partial fractions

@ Start by writing in partial fraction form:

x(x—1)2  x  x—-1 (x—1)2
_ A(x—1)? + Bx(x — 1) + Cx

x(x —1)?

o Comparing numerators gives

A+B+0C=0 —2A-B+C=0 A+0B+0C=1

@ Solve these equationsto get A=1,B=-1,C=1.

@ Integrate term-by-term

1 1 -1 1
/—x(x—1)2dX_/;dX+/_x—1dX+/—(x—l)2dX
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Partial fractions

o Integrate term-by-term

1 1 -1 1
/—X(X—1)2dX_/;dX+/_X—1dX+/—(X—1)2dX
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Partial fractions

o Integrate term-by-term

/ x—1) dx—/ dX—I—/X_ldx-i-/(X_l)2

= log |x| — Iog|x—1|——1+c

Iog

=+
1 C
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